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Gravitational collapse of non-spherical symmetric matter 
leads inevitably to non-static external spacetimes. It is shown 
here that gravitational collapse of matter with toroidal topol- 
ogy in a toroidal anti-de Sitter background proceeds to form 
a toroidal black hole. According to the analytical model pre- 
sented, the collapsing matter absorbs energy in the form of 
radiation (be it scalar, neutrinos, electromagnetic, or gravita- 
tional) from the exterior spacetime. Upon decompactification 
of one or two coordinates of the torus one gets collapsing so- 
lutions of cylindrical or planar matter onto black strings or 
black membranes, respectively. The results have implications 
on the hoop conjecture. 
PACS numbers: 04.20.Jb, 97.60. Lf 

1. Introduction 

Black hole (BH) solutions in an anti-de Sitter (adS) 
background whose event horizons have planar cylin- 
drical 1^, and toroidal topology have been found 
recently (see also ) . Since the importance of the spher- 
ical Schwarzschild BH has come from its role as the final 
state of complete gravitational collapse of a star, it is 
useful to investigate if these BHs with different topol- 
ogy may also emerge from gravitational collapse of some 
matter distribution. 

An important feature of spherical collapse onto a 
Schwarzschild BH is that, due to Birkhoff's theorem, 
spacetime is static outside the matter and the collapse 
proceeds without emission of gravitational waves. The 
same is true for the collapse of spherical matter in an adS 
background, i.e., in a spacetime with negative cosmolog- 
ical constant. On the other hand, it is well known that 
the collapse of cylindrical systems proceeds with emis- 
sion of gravitational waves which creates additional 
problems in the modeling of these collapsing systems. It 
has also been known for a long time that collapsing infi- 
nite dust cyhnders form naked singularities Q, not BHs. 
This violates the cosmic censorship conjecture |^ (which 
forbids the existence of singularities not surrounded by 
an horizon), but not the hoop conjecture ||^ (which states 
that BHs form when and only when a mass M gets com- 
pacted into a region whose circumference in every direc- 
tion is less than its Scwharzschild circumference A-kM 
[G — C — 1)). The cosmic censorship is formulated 
to be applied to realistic gravitational collapse, which in 
principle docs not include cylindrical matter. However, 
in a certain sense, cylindrical collapse can simulate the 
collapse of a finite spindle near the central regions 
of the spindle the collapse behaves as if the spindle is 
an infinite cylinder. Besides these possible astrophysical 



applications, the collapse of infinite cylinders probes and 
tests the structure of general relativity. 

In a previous work it has been conjectured by us 
that, since there are known cylindrical BH solutions with 
a negative cosmological constant, collapse of cylindrical 
matter in a background with negative cosmological con- 
stant could form a cylindrical BH (i.e., a black string) 
rather than a naked singularity, violating in this way 
the hoop conjecture but not the cosmic censorship. In 
this work we show that indeed cylindrical BHs (or black 
strings) form from gravitational collapse of cylindrical 
matter distribution. As the azimuthal cylindrical coordi- 
nate can be decompactified this solution also shows that 
planar BHs (or black membranes) can also form form 
gravitational collapse of a planar distribution. More- 
over, since the 'vertical' infinite cylindrical coordinate 
can, in turn, be compactified this solution also shows 
that toroidal BHs can form from gravitational collapse. 
Throughout this paper we will work mainly with the 
toroidal topology in mind, although the results can be 
modified straightforwardly to the other two cases, the 
main differences being the topologies themselves and the 
mass parameter which in the planar case is a surface mass 
density, in the cylindrical case is a linear mass density, 
and in the toroidal case it is a mass. In brief, we show 
that black membranes, black strings and toroidal BHs 
form from gravitational collapse. 

Contrary to the spherical case, and as in the usual 
cylindrical collapse, the metric outside the collapsing 
toroidal (cylindrical or planar) matter is non-static. 
However, surprisingly, the problem can be solved ex- 
actly by using a modified Vaidya metric appropriate to 
the toroidal (cylindrical or planar) collapse (see section 
2). Of course, this metric obeys Einstein field equations, 
and it describes the gravitational field associated with a 
toroidal (cylindrical or planar) flow of unpolarized scalar, 
neutrino, electromagnetic or gravitational radiation in 
the geometrical optics approximation. The interior so- 
lution we use is a modified Friedmann solution also ap- 
plicable to toroidal (cylindrical or planar) topology (sec- 
tion 3). By making a smooth matching at the interface 
(section 4) we find that the flux of waves modeled by the 
modified Vaidya metric is an incoming flux, and conse- 
quently that the mass parameter of the collapsing mat- 
ter grows up to the formation of the BH. By carefully 
choosing the right amout of incoming flux one avoids the 
emission of graviational waves from the collapsing mat- 
ter. Finally, one can study the BH formation from the 
inside and outside points of view (section 5) and draw 
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some conclusions (section 6). 

2. Exterior Radiating Solution 

As stated in tlie introduction, tlic Schwarzschild metric 
represents the external field of a collapsing spherical star, 
implying that in spherical collapse there is no emission 
of gravitational waves. Another spherically symmetric 
solution of Einstein field equations is the Vaidya metric 
which describes the gravitational field of an isotropic flow 
of unpolarized radiation in the geometrical optics approx- 
imation. It is usually employed in the study of imploding 
radiation shells as well as in modeling the external 
field of radiating stars and evaporating BHs . In 
the case of static or collapsing spherical stars, one can 
usually neglect the effects of this radiation and treat the 
external field as being given by the Schwarzschild met- 
ric. However, one should consider the Vaidya metric in 
the latest stages of the collapse when a supernova and a 
neutron star are formed accompanied by copious emis- 
sion of neutrinos and photons. It is also possible that a 
BH forms directly from the collapsing star without pass- 
ing through the strong radiative stage, in which case the 
Schwarzschild metric gives again an accurate description 
for the external field. If the star is slightly non-spherical, 
the latest stages of such a direct collapse onto a BH pro- 
duce some gravitational waves which have to be treated 
as a perturbation on the Schwarzschild spacetime. The 
effects of adding a negative cosmological constant do not 
alter radically the description. The main difference would 
be that the outside spacetime should be described by 
the Schwarzschild-adS metric or when relevant by the 
Vaidya-adS metric. 

The situation changes drastically for a star with non- 
spherical topology. The reason being that, since there 
is no analogue of Birkhoff's theorem, a collapsing non- 
spherical symmetric star produces a non-static external 
spacetime. Notwithstanding, as we will show, one can 
treat the problem analitically for the gravitational col- 
lapse of toroidal (cylindrical or planar) configurations. 

The Einstein field equations are 



Gab + ^gab = STrTab, 



where Gab, gab. Tab are the Einstein, the metric and the 
the energy-momentum tensors, respectively, and A is the 
cosmological constant (G — C ~ 1). The equations ad- 
mit the following solution 

\ ar J 

(2) 

for an energy-momentum tensor given by 
T , — 1 "^"^^^^ h K 

^ab — 87rQr2 dv '^a'^b, 

ka = -81, kak^ = 0. (3) 

Here a = \J v is the advanced time coordinate 
with — cx)<ti<oo,ris the radial coordinate with 



< r < cxD, and 9, (f> are the coordinates which de- 
scribe the two-dimensional zero-curvature space gener- 
ated by the two-dimensional commutative Lie group G2 
of isometrics. The topologies of this two-dimensional 
space can be (i) = X 5\ the flat torus model 
[G2 = C/(l)xC/(l)], (ii) RxS^, the cylindricallly symmet- 
ric model [G2 — Rx U{1)], and (iii) R^, the planar model 
[G2 = £2]- In the toroidal case we choose < 9 < 27r, 
< < 2tt, in the cylindrical case —00 < 9 < 00, 
< 4> < 27r, and in the planar case —00 < 9 < 00, 
— 00 < < 00. The parameter q has different values 
depending on the topology of the two-dimensional space. 
For the torus q = ^ and m{v) is a mass, for the cylinder 
q — 4: and m{v) is a mass per unit length, and for the 
plane q = — and m{v) is a mass per unit area. 

Metric (^) is a modified Vaidya solution pertinent 
to toroidal (cylindrical or planar) topology. From the 
energy-momentum tensor given in equation (^ one can 
infer that it describes the gravitational field of a toroidal 
(cylindrical or planar) flow of unpolarized radiation in 
the geometrical optics approximation, and it can be used 
in modeling the external fields of matter with toroidal 
(cylindrical or planar) topology radiating or absorving 
energy. Besides modeling radiation in the form of neutri- 
nos or electromagnetic waves. Tab in (||) can also repre- 
sent scalar or gravitational radiation in an adequate limit. 
Now, noting that the energy-density of the radiation is 
e = -5— 2—5-^, one sees that the weak energy condition 
for the radiation is satisfied whenever ^ > 0, i.e., the 
radiation is imploding. For m ^constant one has vacuum 
and equation (^) describes a static toroidal (cylindrical or 
planar) black hole in ingoing (advanced time) Eddington- 
Finkelstein coordinates. The values of the parameter q 
given above, were taken from ADM masses of the corre- 
sponding static BHs found in 

In these coordinates, lines with v =constant represent 
incoming radial null vectors whose generator vectors have 
the form fc"^ = (0,-1,0,0), with ka = (-1,0,0,0) (see 
equation (^)) . The generators /° of outgoing null lines 
do not have this simple form. By the conditions lal"" = 
and lak" = -1 one finds l" = (1, ^aV^ _ 2!^)^o,0). 
The equation for outgoing radial null geodesies r{v) can 
easily be find by puting ds^ = in metric (0), yielding. 



dr 1,0, qm(v) , 
— = -{a-'r^ - - — -— 
dv 2 ar ' 



(4) 



The exterior solution discussed here is to be matched to 
the interior metric presented in the following section. 

3. Interior Matter Solution 

We now assume that the interior spacetime is made 
of a homogeneous collapsing dust cloud whose spacetime 
is described through a fiat Friedmann- Robertson- Walker 
type metric given by 

ds^ = -df + a{tf [df + f{d9^ + d(j)^)) , (5) 

where t and I are comoving coordinates, and again, 9, (j) 
are the coordinates which describe the two-dimensional 
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zero-curvature space (torus, cylinder or plane). Due to 
Einstein field equations (0) we have to set to zero the 
usual Friedmann-Robertson- Walker curvature parame- 
ter, k = without loss of generality. For dust the energy- 
momentum tensor is given by 



ah = pUaUb, 



(6) 



where p is the energy-density of the matter, and u°- its 
four-velocity. Einstein field equations (0) yield 



dx% dxi. 



cd 



(13) 



and are the components of the unit normal vector to 
I] in the coordinates x±, and ^ represents the intrinsic 
coordinates in E. The subscripts ± represent the quan- 
tities taken in the exterior and interior spacetimes. Both 
the metrics and the extrinsic curvatures in (ll)-(p^ are 
evaluated at S. It is useful to define a metric intrinsic to 
S as 



Stt 2 



da 



1 

2^ 



3c^ 
2 ' 



(7) 



(8) 



where again a = y . Integration of these equations 
give 



Po 



P • ,2 ^3 



sm 



and 



a = ao siv?/^ I -at 



(9) 



(10) 



where po and oq are constants, with po — Restoring 
the constant G one has = which means the ini- 
tial density is independent of the mass and radius of the 
initial configuration (a similar situation was found in 
for gravitational collapse in Lovelock gravity) . This could 
be expected, since for very small a one finds p — ^J^Q^i , 
recovering the fiat model with toroidal topology and (al- 
most) zero cosmological constant, similar in its time- 
dependence to the spherical flat-Friedmann model. Note 
also that pa?'= constant. Defining t = |Q;i, one sees that 
the solution is valid in the time range < Z < tt. From 
< t < 7r/2 the matter is expanding, from 7r/2 < i < tt 
the matter is collapsing. At < = 7r/2 there is a moment 
of time symmetry. We are interested in the collapsing 
part of the solution, and thus we take 7r/2 <t< tt. The 
energy-density of the matter as well as the Kretschmann 
scalar blow up at ? = tt, indicating the formation of a 
spacetime singularity. 

4. Matching 

To match the interior and exterior spacetimes, across 
an interface of separation S, we use the junction condi- 
tions 



K. 



ab\ S 



(11) 

(12) 



where Kab is the extrinsic curvature, 



i?2(r) (d02 



(14) 



where r is the proper time on S. 

We analyse first the surface E as viewed from the ex- 
terior spacetime. To match the exterior metric with the 
metric on S we use the junction condition ( pT| ) and met- 
rics (|), (|l|), to obtain 



t{v)]^^R{t) , 



and 



2 2 

a r 



q'm{v) 



ar 



2— 

dv 



1 



{dv/dTY 



(15) 



(16) 



where both equations are evaluated on S. The unit nor- 
mal to E in the exterior spacetime is 

, ' ^ r-^,i,o,o). (17) 

Using (|l^ and ^ = -^^^ we can put (|l|) in the form 



drs dvs Q g 
dr ^ dr ' ' 



(18) 



From now on, we will usually omit the subscript E to 
denote evaluation at the interface. From ( |l3|) we then 
get the K'^i^ component of interest: 



K. 



dr dv f 2 2 qm{v) 
-r- — h r— I a r 
dr dr 



(19) 



valid on E, of course. 

We now analyse the surface E as viewed from the in- 
terior spacetime. To match the interior metric with the 
metric on E we use the junction condition ( pT| ) and met- 
rics (|), (|l|), to obtain 



and 



l^a{t) = Rir) 



^ = 1 
dt ' 



(20) 



(21) 



valid on E. The unit normal to E in the interior space- 
time is 
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n- = (0,a(0,0,0). 
From ( [l3| ) we then have 

K^e = IMt) = R{r). 



(22) 



(23) 



In order to have a smooth matching one imposes that 
the extrinsic curvatures ( [T9| ) and ( p3| ) must be equal, 
^ee = ^ee^ yielding 



dr 



r— I a r 
dr 



qm[v) 



ar 



i?(r), 



(24) 



an equation valid on S. Using ( p4[ ) and (|T^) we find 



dv 



dr l-dR/dr' 
on E. Using now (||), (|6l), (||) and (@) we have 



, , a f Sir „ 
q \ 3 



(25) 



(26) 



Recalling from equations ( P)-(p^ ) that pR^ = PpRn with 
R = a{t)ls (see equation ([2C|)), and using ( |l5| ) we find 
from (EG) 



w(w) = ~ Y^o-Ro - ?-s (w) 



(27) 



which gives the evolution of the mass with the external 
time V. Equatio n ([2 7] ) is the most important result of 
the section. By ([20D, we know R{t) = l^a{t), and from 
( |lO| ) we have the evolution of the radius of the surface of 
the star with time t (or r, since dt — dr). Then from 
( p5| ) one gets v = w(t), or its inverse r — t{v). Since 
from equation ( p^ r-s{v) — -R(t), we find that r^{v) is a 
known function of v. Unfortunately, integration of ( |25| ) 
to find v{t) cannot be performed analytically. However, 
since for collapse ^ < we find that v increases mono- 
tonically with r or t. Thus, as the collapse proceeds 
decreases from its maximum value r-^o = r-s(vo) = i?o, 
where vq denotes the time at the onset of the collapse. 
Therefore, we have obtained the result that the mass of 
the cloud m{v) increases during the collapse due to the 
incoming fiux of the high frequency radiation, be it in 
the form of scalar, neutrinos, electromagnetic or gravita- 
tional waves. 

It is convenient to define an initial mass mo in terms 
of po and r^o = Ro through the equation 



qniQ Stt 



-Por^o - ^so- 



Then equation (^^ can be written as 

m{v) = mo + - (rso - fs(w)) • 

q 

This equation will be used in the next section. 



(28) 



(29) 



5. Black Hole Formation 

To study BH formation we distinguish two situations, 
the inside and outside stories. 

For the interior of the star we use metric (||) and 
study collapse in the range 7r/2<I<7r(t = ^at). 
At the onset of the collapse, at time t — 7r/2, there 
are no singularities. The singularity forms at t = tt 
where the curvature scalars and the density blow up (see 
equation (|l^)). The appearance of an apparent hori- 
zon indicates the formation of a BH. Here, the appar- 
ent horizon is defined as the boundary of trapped two- 
tori (two-cylinders or two-planes) in spacetime. To find 
this boundary we look for two-tori (two-cylinders or two- 
planes) Y = a(t)l ^constant whose outward normals are 
nuU, i.e., VY ■ VF = 0, yielding Iah = ^g^- Using 
equation (|oh this is. 



^AH 
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SirpgR^a 



cos \cit 



(30) 



The apparent horizon first forms at the surface of the star 
^AH = 's- Thus, for given poi ^"^0 a-nd a one can find from 
equation ( |30| ) the time t at which the apparent horizon 
first forms. 

For outside observers the descripition is different as 
they should use metric (||) . If one looks for trapped two- 
tori (two-cylinders or two-planes) whose outwards nor- 
mals are null, Vr • Vr = 0, one now obtains the condition 



a^^AH = qmiv). 



(31) 



Differentiating equation ( ^l|) and puting it back in the 

metric % gives ds' ^ ^^dv^ + r^dO' + dcj,^). 
The sign of dm{v)/dv decides on the character of the 
AH. Here dm{v)/dv > 0. Thus, the apparent horizon is 
an unphysical spacelike surface, interior to the the surface 
of the matter where the metric (^) is not valid. Equation 
(^ ) is only valid a,t v — t;AH, the time at which the 
apparent horizon forms. 

We have a dynamic situation. As the matter collapses, 
the mass of the toroidal star increases. To find the radius 
at which the apparent horizon forms we equate equation 
(^ ) to (|2^ ) to obtain a cubic equation for tah 



"^''AH + "^AH 



0. 



(32) 



This equation has one real root. Defining C, A and B as 
C = qmo + arso, (33) 



C_ ^ 
V 2 V 4 27' 



and 



(34) 



(35) 
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the solution for tah can be written as 
arAH = A + B. 



(36) 



One can check that both procedures (the inside and 
outside stories) give the same time t (and v) for the for- 
mation of the apparent horizon. As an example we choose 
r^o = 5' Po = f , Of = |, qmo = |. Then puting Iah = It. 
i n j30[) gives t = 2.51. On the other hand, one gets from 
(|36f) r-AH = 1-09, which upon using ( |lo| ) suitably gives 
again t — 2.51. 

There is an interesting situation in toroidal collapse. 
The initial configuration can collapse from a negative 
mass parameter mg into a BH with positive mass. To 
find the minimum possible mass that yields a BH we set 



m{vpji) = mAH = 0. 
Puting this condition back in equation (pS) implies 



(37) 



^AH 



rso + —mo. 

a 



(38) 



Equations ( |38D and (^ then give tah = 0. Thus, 
"^AH — implies tah = 0. In addition, equation (|3^ ) 
gives that the initial mass should obey 



mo > rso- 

q 



(39) 



Below this value of tuq the collapsing matter forms a 
naked singularity rather than a BH. 



To deal with the cubic equation (32) one can study two 

qruQ + arso << 1 



limiting situations. First, assume C 
with arso >> qnia. Then the solution is 



arAH = arso ( 1 - a^^'so 



qniQ 



(40) 

In order that there is no black hole at the onset of the 
collapse one has a^rs^ > , which implies tah < t^q 
always. 

Second, if we assume C — qmo + ar-^o >> 1 with 
o^tto > C' then the solution for the apparent horizon is 



ar-AH 



{qmo + ar^o)^^^ - 



1 



3 {qmo + arso) 



1/3 ' 



(41) 



where again tah < r-so, it should. 

We still have to check that the collapsing star fades 
from sight to external observers. A null geodesic emerg- 
ing form the surface of the star at a time v arrives at 
an observer at point r at time Vohs given by 



Vohs = V - 
Using equation ^ this gives 



dv 

—dr. 

, dr 



(42) 



Then Uobs ^ cxd as the surface of the star approaches 
the apparent horizon, rs ';™(^ah) ^ seen by outside 
observers the collapse to a BH takes an infinite time. One 
can also check that the redshift z of the light diverges as 
the apparent horizon is approached, z oc — ^^^-(JmY/^ ' 
implying that light from star gets ever dimmed. The 
solution (H) will then tend to the static BH solutions 
found in 0^]. 

6. Conclusions 

We have found collapsing solutions of toroidal (cylin- 
drical, or planar) matter onto toroidal (cylindrical, or 
planar) BHs. In the model used there is a fiux of high 
frequecy radiation towards the star. This incoming ra- 
diation has to be chosen with the right flux (see equa- 
tion (|2^)) in order to avoid the emission of gravitational 
waves. If there is no such precisely chosen incoming flux, 
the toroidal (cylindrical or planar) configuration will pre- 
sumably collapse to form a BH with emission of large 
amounts of gravitational waves . 

For external observers, the solution tends asymptoti- 
cally with time to static BH solutions. The maximally 
analytical extension of these static BH solutions show 
unphysical regions, such as the white hole region be- 
hind the past event horizon, which also appear in the 
Schwarzschild solution. When one performs complete 
gravitational collapse of some matter configuration in 
an approprite background, this part of the solution will 
cover the unphysical regions of the maximally extended 
black hole. In the corresponding Penrose diagram, each 
point representing a torus, a cylinder or a plane, de- 
pending on the topology chosen, one visualizes collapsing 
solutions of toroidal, cylindrical or planar matter onto 
black holes, black strings or black membranes, respec- 
tively. Collapse to BH solutions with pseudospherical 
horizons have also been recently studied jl^ . 

A further extension of this paper could be the inclu- 
sion of the TcichmuUcr complex parameter, which spec- 
ifies conformally equivalent classes of the torus, into the 
metric of the toroidal BH jl^] and see if it produces sig- 
nificant changes. 

The Vaidya metric is also used to study the formation 
of naked singularities in spherical gravitational collapse 
[ pl| . In a preliminary study [|l8| we have found that col- 
lapse of toroidal (cylindrical or planar) radiation using 
the modified Vaidya metric of section 2 does not yield 
naked singularities, strengthening the claim made in the 
introduction that non-spherical collapse in a negative cos- 
mological constant background may violate the hoop but 
not the cosmic censorship conjecture. 



i In {ar — {qm{v))^^^y 



i In (a^r^ + ar(qm(w))^/^ + {qm{v))'^/^) 



+ 1 tan-i 2«r_+(,m(.)) 

y'3 ^/^lrimfiA\^, 



1/3 



%/3(gm(i;))i/3 



(43) 
(44) 
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